Calculus Individual Florida Invitational MIDDLETON TIGERS  February 24, 2007

Choose NOTA if no other answer is correct. 4. The trough shown has the shape of a

regular triangular prism. Each edge of the
1. Find the equation of a line perpendicular | triangular base measures 4 feet and the

to the line tangent to the graph of length of the trough is 10 feet. Water flows
y=2x>-3x*+2x-2ct x=1. into the trough at 2 cubic feet per minute.
At what rate in feet per minute is the height,

a. 2x-y=3 h, of the water level increasing when the
b. x-2y=3 height of the water is 3 feet?
c. 2x+y=1
g 5/3
d x+2y=-1 a. ==
"~ 30
2. Find the point (a,b6) on the graph of 1

f(x)=+x -2, such that the slope of the “ 20

tangent line is equal to half of the slope of d. 1043

the tangent line at x =3. What is the e. NOTA
value of ab?

5. The cost in dollars, ((x), to produce 50

a 12 notebooks is $105 and is defined by the
b. 18 formula €(x)=0.02x* +0.4x + k , where xis
c. 20 the number of notebooks produced. Use a
d. 24 linear approximation to estimate the cost of
e. NOTA 51 notebooks.
3. Function A is defined such that a. $2.40
-‘3 — p—
h(x) = ix—Lon 00’2]. If his b. $105.24
mx —4 on (2,x) c. $107.40
differentiable at x =2, find A +m . d. $129
e. NOTA
a. -16 ,
b. 12 6. Evaluate j(xz +X+ szdx :
c. 8 4 X
d. 16 a. -1
e. NOTA b. 3
C. 2—O+ln(4)
d. 6
e. NOTA
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7. Find % if xy +cos(xy) = x°.

a 2x B
CTrsingy) 7
2

b, —7 —
1-sin(xy) Y
c 2x -y
 x(1+sin(xy))
d — = Y
1-sin(xy) x
e. NOTA

8. An observer stands at point A on the
bank of a river. He needs to get to point C
in the least amount of time. He rows a
boat at 4 mph to point D and then runs to
point C at 6 mph. If point B is directly
across the river 2 miles from point A, and

C is 8 miles from B, how many miles is point
D from point B?

B D C

q‘<1g river

4
, 5 A
5
c. 42
g 25

3
e. NOTA

9. Which differential equation could be
used to create the given slopefield?
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e. NOTA AV AVL L LA NN~
EEEEREEEEEEE SN
«\\I\\!\\\\*\\\\////Il

MIDDLETON TIGERS  February 24, 2007
10. The region bounded by
f(x)=x*+1,x=0,x=1,and y =0 is

rotated about the y-axis. Find the volume of
the solid generated.

.
2
3
b. =—
4
. o
3
5Y/4
d —
4
e. NOTA
2 x
11. Evolua‘rej — dx .
ne
a e’ -1
T 28
e-1
b. —=
2e
c b
- 2et
e* -1
d.
2et
e. NOTA

2
12. Which expression is equivalent to Iy if

XZ
x> +y?=8?
2xy® +2x*
Q ——
Y
—2xy® +2x*
b. ———
Y
-16x
c. 3
2
d -X
Y
e. NOTA
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Use the given graph of 7’ to answer 16. If f(x)=sin(2x)+cos’x , which of the
questions 13 and 14. al

following is(are) true at x = %?
1_-

13. Function f is
differentiable on [-1,4] " I. fisdecreasing.
and RO) = 2. The graph / II. 7 is concave down
of 'is made up of line \/ ITI. fis continuous
segments with endpoints(-1,-2),

(2.1),(3,-1) and (4,2), as shown. How many | & Land IIT only
of the following statements is(are) true? b. I and IT only
c. IT and III only
d. I, IT, and TIT
I f(-1)>2 P
I1. f has inflection points at e. NOTA
X=2andx =3, 17. If F(x)=ax’ +bx? +ex +d F(1) =12
III. f has alocal maximum between x = 2 , " ' '
r'(1)=30,f"(x) =24, and
2cmdx:3. f(0)=-2, finda+b+c+d.
IV. j F'(x)dx <0
a -1
o b. 1
. 2 c. 2
¢ d. 6
: ;: OTA e. NOTA

n+l1

: =3
14. Find an equation of the line tangent to 18. What is the value of }°
the graph of Fat x = 2. (Use 7' above.)

a. 15/2
0@ x-y=2 b. 3/2
' c. 172
b. x-y=0 d. 10/3
c. X+y=-2 e. NOTA
d x-y=1
e. NOTA tanx -secx - x

19. Evaluate lim——— :

74 x>0 2X° +8iINX — X

15. Evaluate fTanx-seczxdx.
0

a. 7/10
a. 3/2 b. 3/10
b. V372 c. 3/11
c. 1 d. 5/11
d 3 e. NOTA
e. NOTA
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26. The rate of change of a population of
bacteria is directly proportional to [y,

where yis the number of bacteria present
at time 7. If 1 bacteriais present at

t= 0 and 25 bacteria are present at #= 2,
how many bacteria are present at = 5?

110
115
118
121
NOTA

0 a0 oo

27. A particle moves on the x-axis so that
its velocity at time tis given by

v(t)=1? -3t on [0,4]. If s(+)describes
its position at time #and s(0) = 4, what is

the greatest distance between the particle
and the origin?

[

. 4/3

. 9/2

. 17/2
4

. NOTA

mg_no*

28. The length of a curve from x =2 to
4

x =4 is given by j\/4x2 —4x +2dx.
2

Which of the following could be an equation
for this curve?

2

. y=4x
y=x*-x+5

a -4x +1
b

c. y=x°
d

e

+x+4
. y=2x-1
. NOTA

MIDDLETON TIGERS  February 24, 2007

29. A curve C is defined by the parametric
equations x =—#° -6t +2and y =+> -3.
Which of the following are characteristics of
the graph of Cat the point (-5,-2)?

I. The line tangent has a negative slope.
II. The graph of Cis concave up.
ITI. The x-coordinate is decreasing.

I, II,and I1I
I and III only
IIT only

I and IT only
NOTA

capoe

30. Which of the following series diverge?

I, ITand IIT

T and IT only

T only

IT and ITIT only
NOTA

c a0 oo
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w o

2 A0 3
. 15, Let v =tan(x). _[ua’u:—} ==

1.y =6x° —6x+2;y’(1)=2;y(1)=—1:y+1=—%(X-1)IX+2Y2'1

1 1
2. fa)= F'(3) == =.a=6,f(6)=2=bab =12
@5y PO =537 ~ g9 -6 F(6) =2 =bia
2
. 3. k:Zm—4;m:—4;§(x—1)'5:m;k=3m;3m=2m~4;m=—4;k:—12;m+k=—16
10v3 ,..dV _20V3 , dh dh dh 3
4. V= h—2=2
g 3 'dr 3 dr O\/—df dr 30

5. C'(x)=0.04x+04;C'(50)=24,y -105 =2.4(51-50);y =107.4

1 1 1\ (8 1y (-1 1
6. [Lavslye LY (8 L1 (L1
(3)( t5X XH, (3+ 2) (3+2+] 3

2
L 7. xy' +y=sin(xy)(xy +y)=2x:(xy' + y)(1-sin(xy)) =2x.y’ —___.(___Z
8. Let xbe the distance in miles between B and D and let A x) be the foféx/l)hme in hours.
f(x):\/x +4 8 xf() m——O £ ) x 4«/-
4 8Vx?+4 6

9. The slopes are positive in Quadr‘an’r 1 and negative in Quadr‘an‘r 3.
4 2

1 1
. 10. Vz277fX(X2+1)dX=277(XT+£_H :27.§:§Z
0

2 4 2

4 v ~u A -4 4
11. '\'X-e’xde=je dy = -£ ] -_£ +1=e -1
)

! 2 2 |2 27 2
2
2xy? v 2xty X
12. 3X2+3y2y’:0;y12_£ ‘ yu: 4 4 )/2 - —2X(y3+X3):‘—16X
y % y° y°

13. All 4 of the statements are true.

14. £(2)-£(0) = jf'(x)dx;f(z) —2=0f(Q)=2F@)=Ly-2=1x-2)x-y =0

2

0

16. 7 is continuous everywhere;7'(x) =2cos(2x) - 2sinx -cos x; ' (6) > 0; f is increasing

F'(x) =-4sin(2x) - 4cos’ x +2; f”[é] <0; f is concave down

17 Fi(x)=3ax? +2bx + ¢ f"(x)=bax +2b.f"(x)=6a:24 =ba —» a =4,f"(1) =24 + 2b

30=24+2b5b6=3F1)=12+6+c12=18+¢c >c=-6,d =-2,4+3-6-2=-1

3 5 15
1—/"5 1-—§ 2 2
5

Iimsecx tan® x +sec’ x — 1
x>0 6x% +cosx -1
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D. 19. %—> L' Hopitals Rule -

. sec’x-2tanx +tan® x-secx +3sec’ x-tanx . Bsec® x-tanx +tan®x-secx .
lim : =lim - Since
x>0 12x —sinx x>0 12x —sinx
the denominator will be 12, we know this is the last step. When differentiating the
numerator, any term with tan(x) will become 0, so only terms without tan(x) are needed.

I bsec’x B
=lim——= -=
x-012 ~cosx 11

D. 20. (X+2)2:XZ+64—16xc059—>X—15:—4xc056—>c059:X—15

—4x
. de 15 dx . _do 15 55 d8 5 d BB
_ =TI Qﬁz____.3 _ Y= -~ - __= Pudufa St
SN =T ax ar dr 4.62°77"8 dr 16 dFr 22

A. 21, Let x be the distance from the center of the cone to the base of the cone. Then the
radius of the base of the cone is V9 - x* since the radius of the sphere is 3.

, 32
V=39 x*)3+x)b = Z(9-6x -3x) i/ =05 x =1V = 2T

1
r+1

10 10 10
c. 22. P=1[2mr- 222 g 50007 [ " dr 50007 | 1-
23 l+r o r+1 5

50007(10 —In11) =~ 15,000 -8 =120,000

C. 23. I is not necessarily try because 7"might not change signs. II. True III. True by
the Mean Value Theorem for Derivatives.

dr = 50007 - (r —In(r + 1)10) =

11 X 3 10 x+2 -x+1 : 5 5 5
A. 24 A(x):El -2 x+2:§1 2 x+2 :-—Z—XZ+—2—X+1;A'(X)=—X+§;X=§
1 x-4 «x 0 x-2 -2

m

4 n
D. 25. A= .[Tanydy =In(secx) i = Inv2
o]

1 1 1
D. 26. %z/\’a’f‘;ZyE =Kt +C.C =2,2.252 =2k+2 > k=4.2y? =41+ 2,y =121 at t =5,

3 4
D. 27. jv(r)df = —%;J-v(f)df :1—61- The object moves 9/2 to the left and the 11/6 to the
0 3

right. The greatest distance from the origin is the starting position: 4.

2
B. 28. 1+(%} =4x2—4x+2—>—:—§:2x—1—>y=)(2—X+C'

2
A 29 D __3

ay _ 0. 9y _-12t2 - 36t + 61| dx
S dx  -2t-6

<V C2r 6y 2 l,_>oa’7‘ 1-6|, <0 Allare true

=1

t=1
B. 30. I. Diverges - geometric series with r > 1.

II. Diverges by the nth tferm test for divergence.

IIT. Converges to e’ using the Maclaurin Series for e* with x = 2.
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Calculus Question 1

) x3+2x2—5x—6 2x-14
A=1lim =lim

>3 x+3 H7\/x+9 J2x+2
C=1im(l+%) ; D:hm2s1nx-c0sx2—2x —2x

X0 X x—0 X

Calculus Question 2

A= f’(%} if f(x)=sin’(2x); B= g'(ﬁ) if g(x)=x- arccos(l)

C=h)ifh(x)= e“’m; D=h(g(2)) if h(x) = ™ and g(x)=e

Calculus Question 3

- .
A={——dx; B= j——-dx C= —————dx D= | ——dx

1 —x 4+x o 1+ x° o1+ x

A
Calculus Question 4 .
G ) T S O A N
The graph of £ is made up of line segments j\ P PN
and a semicircle. Its zeros are —3,0, and 2. < — ) :
Function f'also contains the points labeled on SR < R W
the graph. (‘24*1) o . \/ __47
b bo3,42

g(x)= _[f(t)dton[ —4,4] s )

A= the maximum value of g on [-4,4]. B = the minimum value of g on [-4,4].
C = g(-1). D =the sum of the x-coordinates of the inflection points of the graph of g.

Calculus Question 5
Given: xy’—x’y=12
A = the slope of the tangent line at the point with x-coordinate 1 and positive
y-coordinate.
B = the x-coordinate of the point where the tangent line is vertical.
C = the x-coordinate of the point where the tangent line is horizontal.

D = the slope of the tangent line at the point with x-coordinate 1 and negative
y-coordinate.
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Calculus Question 6

The point (1,%) is on the graph of y = f(x), and the slope at each point (x,y) on the graph of f

2 2
Is given by @ 2 A=the value of dy at the point (l,é—j.

dx x dx*
B =k, if x = k is a vertical asymptote of the graph of y = f(x). (positive only)
C =p, if y = p is a horizontal asymptote of the graph of y= f(x). D= f(e).

Calculus Question 7

. 1 1 .
A= i(4x-Arcsmx) atx=—. B= IArctanxdx C= hm—z—liLCtgl—)£
dx 2 A 0 4Arcsin x

D= i(/{rcsecxz) atx=+2
dx

Calculus Question &

Given: f(x)= —;xz,g(x) = Z;‘—, and h(x) = ~%x+ 2.

A = the area of the region bounded on the left by x = 0 and on the right by the
graphs of functions g and 4.

B = the area of the region bounded above by functions f'and 4 and bounded
below by the x-axis.

C = the area between the graphs of functions f'and g.

D = the area between the graphs of functions fand 4 that lies to the left of the
y-axis.

Calculus Question 9

f(x)= —;—xz on [0,4]

A = the left Riemann sum approximation of

O ey I

f(x)dx with 4 equal subintervals.

4
B = the right Riemann sum approximation of j f(x)dx with 2 equal subintervals.

0
4

C = the midpoint Riemann sum approximation of J. f(x)dx with 4 equal subintervals.
0

4
D = the trapezoidal approximation of J. f(x)dx with 4 equal subintervals.
0
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Calculus Question 10
A television camera at ground level is filming the lift-off of a space shuttle that is rising

vertically according to the position function s(¢) = Etz miles where ¢ 1s measured in minutes.

The camera 1s % mile from the point of lift-oft of the shuttle.

A = the rate of change, in radians per minute, of the angle of elevation of the
camera | minute after lift-oft as it follows the path of the shuttle.
B = the velocity, in miles per hour, of the space shuttle 5 minutes after lift-off.

C = the rate of change, in miles per minute, of the distance between the television
camera and the shuttle 1 minute after lift-off.

D = the rate of change, in radians per minute, of the angle of elevation of
the camera when the velocity of the shuttle reaches 2 miles/min.

Calculus Question 11
Region R, is bounded by y=e¢",x=0,y=0, and x=In2. Region R, is bounded by
y=¢",x=0, and y=2.
A = the volume of the solid formed if R, 1s revolved about the line y = 0.
B = the volume of a solid such that R, is the base and all cross sections
perpendicular to the x-axis are squares.
C = a-b if the volume of the solid formed when R, is revolved about the line
v =0 is expressed in the form 7 (lna-5).
D= a-b if the volume of a solid is Ina —b. The base of the solid is R, and all
cross sections perpendicular to the x-axis are squares.

Calculus Question 12

The position function, s(¢) = Et3 — 6t +18¢ 1, describes the position of an object as it moves

on a number line for 0 < <3,
A = the velocity of the object at t=1.

B = the maximum distance from the origin that is reached by the object.
C = the total distance traveled by the object.

D = the acceleration of the object at the instant that it stops.

Calculus Question 13

.2t . L X , x
A= lim anx ;B=11m(1+3x)2x;C-_—hm ! _l ;D‘:lim(e“——l)
‘\-_>£7 1 + SeCx x—0 x—0 ex __1 X x—0*
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Calculus Question 14

x(¢)=2¢* -5 and y(t) = 2t + 3 describe the motion of a point moving in the coordinate plane.

A = the velocity of the point at £ =1. B = the acceleration of the point at 7 =1.

C = the speed of the pointat t=1. D = sin@ where 0 is the angle formed by the tangent
line and the x-axis at £ =1.

Calculus Question 15

% =0.06P (10 — —5%] describes the growth rate of a population, P, of bears in a forest. At¢=

0, there were 10 bears in the forest.

A = the maximum number of bears that can be sustained in the forest (the carrying

capacity).
B = the number of bears present when the bear population is growing the fastest.
. _dP
C=lm—
t—o Jf

D = a-b if the value of # when the bear population is growing the fastest is

ﬁ1n7.
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SOLUTIONS

. A llm(v -x—2)=10

x—>-3

B lim 2x—14 Vx+9 ++/2x+2 —ZM (\/X+9+\/2x+2)

=-16
"7x/x+9 V2x+2 \/x+9+\/2x+2 ‘*’7 %7
1n(1+ }
. 2 . X 2
C: 1nyzllmx-ln(1+—j:11m—T—-:2—>y:e
A= x X—>r0

X

D: lim sin(2x) —2x" —2x Mim —2cos(2x)—4x-2 T —4sin(2x) -4

x—0 X x—0 2x x—0 2

=2

2. At f'(x)=2sin(2x)cos(2x)-2 > f’(%j =3 B: g'(x)= 1
-

. s o N3 _ e 2lnx
C: h(x)=4—x* = K(x)= rxz—m(l) T D R@= T S K e) =2

+ Arccos—l— - g'(2)=1 +%
X

| b
3. A —In(1- x)]~ :—1nl—1nl——1nl orn2 B. lim larctanx =z
2 2 boeol 2 24, 4
1 ' Vi
C: —2—ln(l+x2)J :51n2 or In+/2 D: x—arctanx]z):l—z
0

4. A: Check -4 and local maxima which occur at -3 and 2. g(—4)=1,2(-3)=3/2;2(2) :% Max is %

B: Check 4 and local minimum which occurs at 0. g(4) = 12[-—% and g(0) =0 Min is %—% .

- 0
C: g(-h= J.f(t)dt = —j- f(t)dt :—i: D: Inflection points occur at -2, 1, and 3. The sum is 2.
0 -1

, N d 2 4,2 4

dx dx dx —x3 +2xy  dx|,, 7

2

B: X' +2xy=0—> —x(x2 ~2y)=0->y= %— Substitute into the original to obtain x =3/—48 .

C: 3y =05 y(x —y) =00 y=3x' >x=32 D LI 18

dx —x +2xy  dx 7

(1.-3)
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d2 2 2de-y l-l—l
6. A &2 - —dc 4 4._g
dx (L1 x° 1
(1.1:2)
dy 1 1 5 . .
B: j—;zj—dx-«)——zln(x)+€. -2=C—oy= and x = e” is the vertical asymptote. Note:
A X y In(x)—-2
-1 -1 -1
lim =0. C: hm =0so 0 is a horizontal asymptote. D: e)= =1
0" In(x) =2 o In(x) -2 - P Je= Ine-2
1
2 )
7 A X ddresinx _df3+am C: lim-X+L =) b L2 | _Jo
1-x’ x=1/2 3 =01 N -1 s 3
1-x°
I 1
B:u =arctan x;dv=dx —> du = 21 dx and v =x. xarctanx[—j 2x dx=———1n(r‘+1)} =———In2
X"+l o X +1 0 2
1 .2
8. A A=—bh=—21=1 B: A={Zdx+—b h=l+l-l-l=—1—
2 5 2 6 232 4
1 2 2 Kt 0 2 370
c j[f_x_)d :z__f_} L D: j[(—ixw]—i— -ﬂ_xuzx_f{ %
2 2 4 6] 12 c 2 2 6|, 3
. 9
9. A: f(O)+f(1)+_f(2)+f(3):O+—12—+2+§=7 B: 2(f(2)+ f(4)=2(2+8)=20
C: S22+ fB/2)+ f(5/2)+ f(7/2)=1/8+9/8+25/8+49/8=84/8=21/2
D: 1/2-1(f(0)+2f(1)+2f(2)+2f(3)+f(4))=1/2-22:11 .
zm 1/2 £ mi.
do do do 0
10. A: tan@ =t —>sec’0—=242-—=2-1—=1 Y2 mile
dt dt dt

. 2
X dz d. - 2
B. E1—9=z;i§ =5——m1 =5-60mph =300 C: l +(1t) =7 5 =2z":1=2. ———\/_—‘— dz \/—
2 dr’ 2 dt dt 2

dt dt|,_s  min

D: v(t)=t—>t=2. tan@ =1 — sec’ 9-61—9—2t17 f‘{—0—:2-2—>EIQ~——

dt dt de 17
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In2 eZ,r 2 T 37 In2 e2x In2 1 3
A 7| ed=7. =21-2=" B [e¢Mdr= =2-—=2
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12. A: v(t):§t2—12t+18—»v(1)=1§
2 2
25 .
B: v(t):O—>t=2;S(O):—1;5(2)=15;S(3):—2-—->151sthemax

C: See part B. 16+—§—:377 D oa(t)=3t-12 > a(2)=-6

’ 2 . In(l
13. A: lim = 2sec x = lim - =2 B: ]ny:hm—*._ln( +3x)=i—)y:e3
I osecx-tanx 7 Sinx =0 2x 2
2

C: lim x-e +1 = lim _l-e “lim| — ¢ |__1
0\ xe' +e" +e 2

=0l xe' —x =0 xe' +e" —1
] x . X, .2 ) x__2 x._y2
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x—>0* 1 =0 et —1 x>0 e’
X
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oA @) L1 g del ) S Y RN
dx 2|, 2 4t 4 8t 8
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) dy 1 ) 1 5
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t=1 x 2 \/g 5
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B: The population grows the fastest at 1/2 the carrying capacity or 250. C: In logistics growth, the growth

rate approaches 0O as time increases. 0

YT —)t=1n49—101n7;a-b=30

2
D: 2502‘520—(—‘—)1:~06——)1+498—0'6t=2‘—)€ =-—
1+49¢™ 1+49™ 49
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