Algebrall Individual Test
February 18,2006  Middleton Invitational

NO CALCULATOR
E isSNOTA, meaning “None Of These Answers.”

For thisentiretest, let i E\/—_l.

1. Givetheequation in standard form of theline
through the points (2, -4) and (3, 1).

A)bSx-y=14
D)5x+y=16

B)5x-y=2 C) 5x+y=8
E) NOTA
2. Express (13),+ (13), inbase7.

A)(22), B)(26), C)(202), D)(206), E)NOTA

3. How many distinct integers satisfy the
inequality [2x-3<[4-x ?

A)1 B)2 C)3 D)4 E)NOTA

4. f(x)=ax"+bx, where aand b are nonzero
constants. The remainder of the polynomial
division f(x)+(x+1) is 4a. Find [a+b], if the

result of the polynomial division L_ZBO is
X_
itself apolynomial.
A)3 B)4 C)5 D) 6 E) NOTA

5. Let G(x) bethe greatest integer less than or

1
equal tox. Find G(0!)—G(~1.3)+G (gj al

A)3 B)4 C5 D)6 E)NOTA

6. Consider therational function r(x) = P :
Q(x)
where P and Q are polynomial functions of at
least degree one. How many of the following

four statements must be true?

e |f r(x) hasthe asymptote with equation
y =2, then r(x) = 2 for al x.

o If Q(k)=0, then r(x) hasthe asymptote
with equation x=K.

o If P(k)<Q(k) <O, then r(k)<O.

e If r(k)=0, then P(k)=0.

A)1 B)2 C)3 D)4 E)NOTA

7. What isthe slope of aline perpendicular to the
linegiven by 2x—3y=10 ?

3

A) B) 3

win

0-2 p)-3 pnNoTA
3 2

8. The distance between the foci of an ellipseis
twice the length of its minor axis. If the

eccentricity of the ellipseisE, then find E2.

S

A) B) -

NlO

C5 D)17 E)NOTA

9. Find |x, if Ioggl(g)—logs(%jzIog4(ZX).

A)3 B)4 C5 D)6 E)NOTA

10. A parabola’s vertex is in quadrant II and its
directrix istheline y=0. Which way doesthe

parabola open?

A)Left B)Rigt C)Up D)Down E)NOTA



11. Which pair of words completes a true statement
when respectively placed in the blanks below?

“f (X)=(0.4)* is an exponential

function with a range of all numbers.”

A) growth; red
C) decay; real D) decay; positive

B) growth; positive
E) NOTA

12. Only five contestants remain on a game show.
Of them, my favorites are Keith and Caitlin. On
each of the next 3 episodes, a contestant chosen
completely at random will be removed from the
show. What is the probability that my favorites
will be the last two contestants |eft?

A)g B)l C)i D)i E) NOTA
5 5 10 12
13. Express f+j asasimplified fraction with a
+2i

real denominator:

A)8—i B)—8+i C)8—i D)—85+i

E) NOTA
3 3 5

14. By definition, which of the following numbers
could be used as the base of alogarithm?

A)-3 B)0 C)1 D)J2 E)NOTA

15. Solvefor p: 3p+t=rp-5

A)t—5 B)E C)t—5 D)t+5
3-r =3r r+3 r-3

E) NOTA
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16. Let m(x) = f(g(h(x))), where f (x) =|3- X,
g(x) = (x-2)?, and h(X) =X +/x-5.

Which of the following inequalitiesis true?

A) m(1) > m(4) > m(9) B) m(1) > m(9) > m(4)
C) m(4) > m(1) > m(9) D) m(4) > m(9) > m(1)
E) NOTA

17. Let f(X)=ax’+bx*—3x—2, whereaand b are

positive integers. Which of the following
statements are true?

|. Asxapproaches —oo, f(x) approaches «.
I1. f(x) hasat least onereal root.
[1l. f(x) hasat |least two nonreal roots.

A)l&llonly B)ll &lllonly C)l & Il only
D), I, &1l E) NOTA
18. Solveforx:. 9*=4
2 2
A)log,3 B)log,2 C) D) E) NOTA
log, 3 log, 2

19.If a’+b®=4ab, and a+b=4, then find the
product ab, where ab=0.

8 45

A)-1 B)1 O D)-> ENOTA

20. If (5x+ A)(2x+ B) =10x* + 29x— 21, then
evauate (A+ B), if A and B are integers.

A)4 B)-4 C7 D)-7 E)NOTA



3
21. Solvefork: 2= (%J

1

9 5
A B)-— C -— D)-9 E)NOTA
) B¢ )-g D )

22. My tax refund (R) increases by 5% every year.
Thefirst year (t=0) it wasonly $500. If tisan

integer measured in years, then how can |
properly model this situation algebraically?

A)R(H)=500¢™  B)R(t) =500+ 25t
C)R(t) =500(1.05)' D) R(t):(500+$j

E) NOTA

23. Find the sum of the solutions to the equation
(x=5)*-(2x-5)? =x-1.

A)-46 B)15 C)3 D)55 E)NOTA

24. Let F(x) = (x—2)!. What odd value of n

F(9)(1,Cs)
F(12)

satisfies the inequality 2" < <2™? 2

A)1l B3 C)5 D)7 E)NOTA

25. |[M|+|N|=M?+N? =12, whereM and N are

2

complex conjugates. Find M+N
1 7 7
A= B)-— C) — D) 2 E) NOTA
) c ) c ) 5 ) )
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26. Find the constant k such that the vertex of the
parabola defined by the equation

y =X + 2kx + (k?* =9k +9) lieson the x-axis.

A)3 B)2 0O)1 D)—% E) NOTA

27. Which point is afocus of the graph defined by
the equation 5y*—-4x*+20=0 ?

A)(L0) B)(0,) C)(30) D) (0,3 E)NOTA

28. Your initial bankroll of N dollar experiences a
30% decrease. It isthen increased by 40%, and
subsequently adjusted to 75% of its new value.
Find the ratio of the final amount to N.

N8 g2 20
40 15

E) NOTA
147 200

29. Two perpendicular lines intersect at (6, 6).
Thelr y-intercepts are a distance of 13 apart.
Find the distance between their x-intercepts.

A)7 B)12 )13 D)25 E)NOTA

2%, if [x| is odd

30. f(x)= X . .
f(—Ej, if [x] iseven

Evaluate |f(32)- f(9)- f (14)- f (2)- f (40)|.

A = B)é 01 D)3

E) NOTA
32
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SOLUTIONS 0 »2
1. (A) Theslopeis 1;(_24)=5. Manipulating y+ 4 =5(x—2) givesthe answer. o2
- 7 20

2. (B) (13), =3(5°)+15") =8. (13),=3(9°)+1(9") =12. Do stair-step division and read the remainders down.
3. (C) Solving for the points of equality using the equations 2x—3=4-x and —(2x—3)=4-x yields

critical values at % and —1. Testing intervals revelsthat the solutions lie between these numbers, and the

integerson theinterval are0, 1, and 2.
4. (D) Using the Remainder Theorem, f(-1)=a-b=4a, so b=-3a. Thedefinition of apolynomial dictates
that f(2)-30=0. Solve 16a+2(—3a) =30 tofindthat a=3 and b=-9.
5. (B) Notethat O! = 1, and that 1< £<\/Z. 1-(-2) +1=4.
6. (A) Only the last statement istrue.
7. (D) For anyline Ax+By=C, the slope of aperpendicular lineis

8. (A) Eccentricity = c from the ellipse’s standard form, so E™ =
a

2 2

c=+a’-b* - czzaz_% — 5% =4a° — a—%.

C2
.1 1
9. (C) Salving E_(_Z):EX’ x=5.

10. (C) The parabola opens away from the x-axis, its directrix.
11. (D) Truefor f(x)=a* whenever 0<a<1.

|
12. (C) Only one combination of two contestants will satisfy me, and there are .C, = 2?_3| =10 possible

combinations.

13, (C) (2+3ij(1_2ij_ 2+3i-4i-61° 8-
' 1+ 2i 1-4i? 5

1-2i
14. (D) Any positive real number except 1 may be used.
15. (D) 3p-rp=-5-t > p(B-r)=—(t+5) —> pz%
16. (B) f(g(h(D)) = f(g(l+2i)) = f((1+2 -2)%) = f(—3—4i):|6+ 4i|= 213,
f(g(h(4))) = f(g(2+i)) = f((2+i-2)*) = f(-1) =|3+1 =4.
f(g(h(9) = f(9(8) = f(5-2)*) = (3 =[3-9 =6.
17. (B) |isnot true, because f has apositive leading coefficient and is an odd degree, so f (x) approaches —wo
as X approaches co. II and III are both true by Des Cartes’ Rule of Signs.
2
log2 o owe 2log2 _ log 2 _
log 3 2log3 log3

18.(B) 9"=4— logy4=x—> x= 09, 2

19.(C) (a+b)>=a’*+b*+2ab=4ab+2ab=6ab ; (a+b)>=4°=16; 6ab=16 — abzg

20. (A) 10x° + 29x—21= (5x—3)(2x+7) 0 — 3+ 7=4.



MIDDLETON INVITATIONAL ALGEBRA 2 SOLUTIONS 2/18/2006

21 (B) ;/@ @y =2 (2o =2

22. (C) Each year, theamount is multiplied by 1.05. Thisisnormal exponential growth, not continuous growth
(modeled by choice A), linear growth (modeled by choice B), or pure nonsense (modeled by choice D).

23.(C) (x-5)*-(2x=5)*~x+1=0 — (x*~10x+25)—(4x* —20x+25) - x+1=0

—3x* +9x+1=0, and the sum of the solutionsis —9 = —i =3.

a -3
24. (A)

( )'(6'8J _ma _[6)(7)][A0)(1)E2AIAY | (nanaE3)4) _ A3)An(7) _1001
(10)! 6!8!10! (6!)(8"(101) - ®MOEGM@EPR BB 240
25.(B) LetM =a+bi,so N=a-bi. |a+hi|=|a-hi|=+va’+b*, so 2ya’+b* =12 > a’+b*=36.
12=M?+N? = (a+bi)* + (a—bi)*> = a® + 2abi —b* + a* — 2abi —b* = 2a® —2b*, s0 a*—b* =6
a’-b?+a’+b? =42 - a>=21-> a=-/21, and by substitution b=+/15.

‘M+N|2_ a+bi+a-bi [ 2a| |af _7
M—N| a+bi—(a-— b|)| 2b| |\/_
26. (C) b*—~4ac=0, 0 (2k)2—4(1)(k2—9k+9)=0 — 4k2—4k2+36k—36=0 — 36k=36 — k=1.

2 2
27.(C) 5y’ -4x* =-20 — Xg - yj =1 The hyperbolahas a horizontal transverse axis, so the foci are on the

x-axis. c=+a*+b* - c=3.
28. (D) N( 70 j(140j( 75)2 147 N
100 /\ 100 )\ 100 200

29. (C) The equations of the linesare y=nmx+b+13 and y=—1+b. Substituting (6, 6) yields -6m-7=b
m

and 6+E:b. —6m-7= 6+E — 6’ +13m+6=0 — (2m+3)Bm+2)=0 — m_—Z —§
m m 3 2
Case l: m=—g Casell: m:—§
3 2
2 3
—-6m-7=b — -6 3 -7=b—> b=-3 —-6m-7=b — - - -7=b—> b=2
- X X
y=mx+b+13 : y=——+b y=mx+b+13 : y=——+b
2 : m 3 : m
y=—-—x+10 - 3 y=——x+15 2
3 : YZEX—3 2 y=§x+2
x-intercept: 15 x-intercept: 2 x-intercept: 10 x-intercept: -3
distance between= 15-2= 13 distance between = 10— (-3) =13

30. (A) f(32)=f(-16)= f(8)= f(-4)=f(Q)=f(-D)=2". f(Q=2°. f@4)=Ff(-7)=2".
1

f(2)=f(-)=2" f(40)=f(=20)= f(10)= f(-5)=2°. 21.2°.27.21.25-25_ =
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A =|4-4i
B= f(-5) if f(x—7)=2x*-31x+104

C! = The number of possible distinct arrangements of 23 people around a circular table

Find: 2|C - B|
A
Middleton I nvitational February 18, 2006
Algebrall Team (no calculator) Question # 2

A = the sum of the coefficientsin the expansion of (39x - 41y)®

B = 17545i% - 3829
17545 - 3829;°

(x-9)? . (y+18)? _1
1024 1024

C = the area of the conic section with equation

D = the dope of the line through the points (68, 73); (62, 55)

B
Find: (BCD j

T
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Algebrall Team (no calculator)

February 18, 2006
Question # 3

5 el

Findd —C+A

Middleton Invitational

Algebrall Team (no calculator)

February 18, 2006
Question #4

A 60-degree sector of acirclehasan areaof 24n. Let A = the surface area of the figure

created when the complete circle is revolved around its diameter.

B = the volume of afrustum of aright circular cone with radii of 6 units and 12 units, and

height of 6 units.

C= (p-yg), if pandgarerelatively prime positive integers, f(2):—§, and

f(X)= (C«’;)%\/x’3 + X=X,

D=|x,if x*-8" =0

Find: D(A_Bj

Cr
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6
A =the sum of the digits of the result when, Z x? isevaluated
x=0

B = the number of real values of x that satisfy P (x) = P(x) , given that P(x) = 3+§

33X+ 6y —4z = 14
C=x-y+2z,gventhesystem {—7x + 2y + 8z 16
-x -3y -9z =-10

3log100

D = thevalue of x for which 4(log, 5 + log, 2) + = 10
log x
. A
Find: (c)(B Dj
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A =the number of trailing zeros at the end of 26!

B = the area bounded by the graph of ||+ || =5 in the Cartesian plane.

C=

x <

, giventhat 3 x,Y,375, ... isageometric sequence.

D = thesum of therootsof —3x* +2x°> —7x* +12 = 0.

Find: A[C%)
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1
A =theabsolutevaueof (729 @ 23), giventhat (d@m) = d(m-ﬂj

B = theratio of an angle to its complement, measured in degrees, if the ratio of the angle
to itssupplement is3: 7

The directrix and the axis-of-symmetry of the parabola described by x* —6x —8 y = —25
intersect at (x,y;). Let C = x-y,.

Find: A'B+C

Middleton I nvitational February 18, 2006
Algebrall Team (no calculator) Question # 8

R(X) =ivX—2, wherei=+-1. G(X) =2+ X

Theinterval for which R= area number, is expressed as (- oo, A]
Let B and C betheroots of G.

The domain of the inverse of G isexpressed as[D, oo).

E = the non-negative value of x which makes [R(X)]* = G(X) true.

Find: B +AD - E
C
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Algebrall Team (no calculator)

February 18, 2006

Question #9

A =theareaof aright triangle with integral leg lengths, given that the length of the
median from the right angle to the hypotenuse is 25, and one leg’s length is less than 15.

whenx+§:5.
X

B=x2+§

N

Find: A+B.

Middleton I nvitational
Algebrall Team (no calculator)

February 18, 2006
Question # 10

3X-5 ,x=1
A= f(f(f(0)), when f(X)=11+x° ,x<1
-1 ,x>1

B = the eccentricity of the conic section given by the equation below.

(x+2f  (y-3 _
4 225

1

Crn = The area of the conic section given by the equation above.

Find: BCyJA + 101
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A = the sum of the first 100 natural numbers

B=16+8+4+2+...

C = the distance from P to the midpoint of the segment PE, given that P: (1,-3), E: (7,5)

Fing: S
Middleton I nvitational February 18, 2006
Algebrall Team (no calculator) Question # 12
A = i20123565644897933213132006

B = the area bounded by theliney = —x+10, the x-axis and the y-axis.

C = the number of pointswhere the graphsof y=2" and y = x” intersect.

D =the sum of the values of x that make both equations true,
if 3xy=21 and 2x*-y*=12.

Find. \/E( At C)D

B-D
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Let each true statement have avalue of 2, and each false statement avalueof —3.

1.

2.

o =1

The quotient of the eccentricity of a hyperbola and the eccentricity of acircleis
negative.

7T isareal number.

\/g isan irrational number.

For any real number p, p o% = 1 by the identity property of equality.

Let A be the sum of the values of the true statements. Let B be the sum of the values of
the false statements. Givethevalueof |A—B|.
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Let A° bethesolutionto log, X+ log, x=1.

J2+1 /B+JC+/D++E
Let = :
J3-1 2

Givethevalueof A+B+C+D+E.

Middleton I nvitational February 18, 2006
Algebrall Team (no calculator) Question # 15

4x+1_ A B
-9 x-3 Xx+3

Let \/7+2\/E=\/5+\/E.

Givethevaueof 6A+D+ E.
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2|C-B| 28+2
A 42
=72

(No Calculator Permitted)

1. A=~4+4> =442
B=f(2-7) =f (5) = 2(2*) - 31(2) + 104 = 50
Cl=(23-1)! =221 =22

BCD Y\

( Am J
—1%10247 *3Y"

( 10247 )

=-3"or— l
3

2. A=(39-41)" =2"0r 1024
g = 117545 - 38201 _
17545 + 3829i

-C+A

=7+ 415

o(4))

_ 0 *(727Tj
97

C
9 (y+18)
I CN ) =1, citle, 1 = 1024, area = 10247
1024 1024
Do 35-75_ —18 _
2—68 —6
x =3+ ,x =3+ ,x=3+2—x
5 5+ x 5+
3 A= 1+ s
X X

(x=3)(x+5)=2x,5" =15=0,x = /15

3 B] 5 ]_[8 6
7 P 2P E| |35 C
FE-1=6,E=7

~7+2P=-35P=—14
P+E=7-14=-7=C

ﬂ*wrz =247, 7" =24%6,r> =144
4. A =360

SA = 47mr’ = 4(144) (1) = 5767

B= %(6)(7@(144 +36+12%*6) = 2m(252) = 5047

C
N Y - C SR B (O )
- 8 16 4 4 5 4

13-4=9
x| =42

D:X24—84:0X24:212
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=6or 36

o, wn(2e+1)(n+1) _6(13)(7)
5 A :;XZ — 6 — 6 =

9+1=10
B=2

91.

3x + 6y -4z =14
C=+ Tx+2y+82=16 ,x-y+z=-4
-x -3y -9z =-10
-5x+5y -5z = 20
(log 10") + 3log_10° = 10
log 10" =10,x =10

D =thevaueof x in,

Middleton I nvitational 2006

6. A =thenumber of zerosin 25! is given by the
sum of the remainders when 25 is divided by 5.

A =6.
B
Fi~| F&- ] FZ F4 FE=| FA~ [Fre=it
Taols|2aam|THace|ReArarh|Math|Dr aw|Fen]:-

(515"5=125

el * Lol =5

i
—_

A

B -

Wi
=HMAIM RAD ALTO FUMC. _
12.54 =50
C=3" =375, =125,r=5
. -(-10
D=2x"-10x> +12=0, b %:5
a

1
7. A=729@23=72923-17 :(36)% =3,
a
180 — 4
_a=18%3=54
T 90 —54 =36
54 3

36 2

:$,7a+3a:180*3
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C = x? —6x—8 y =-25. Axis of symmetry, x =3.
Directrix, y = 0.
3*0=0

2
i
2

mooO © >
oo ||
onN .

A+B
=336+13
=349

9. A =themedianinaright triangleis half the length of
the hypotenuse. Therefore, the hypotenuse is 50, so the
triangle must have sides 2(7-24-25) = 14-48-50. The area

would be A= %(14)(48) _ (14)(24) = 336

Bzx+é:5, x> -5x+6=0,x=-30rx=-2.
X

It turns out that both answer yield the same
result.13.

BCN A + 101

= 30221

_30[\/?}(\/124“01)

31) -5=-2
10. A=1+(-2)° =5
5° —1=124

(2 | (y-9
4 225
a=15 b=3 c=v221
B='_ V221
a 15
Cn = abm =15(2)m = 30m. 30

=1

AC!
B

505

16

5050 1010

T 5%32 32

00, 100(101)

11.A = Z
B = 216[ ] :—61:16*2:32

x=0 1_i
2

C =Midpoint, M: (4,1)

d=\J1437 +(4 -1 =16+9 =5

= 5050
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\/E(A+C)D

B-D

=3

12A=-1

B =50

c=3

2X% -y? = 12,xy=7,y = !
= ’ "7 x From herewe

2x* —7x* -12=0.Let p=x>.

can determine that the roots of this equation are
opposites, which will yield a sum of zero.

D

Find the absolute
value of the difference
between the true and
false statements.

(2% 2)— (3% (=3))
=]449
=13

= A+B+C+D+E
= 16+6+3+2+1
=28

6A+D+E
=13+7
=20

13. True=2. False=-3.
0! Isequal to one. [2]

The quotient of the eccentricity of ahyperbolaand
the eccentricity of acircleis negative. [-3]

7T isareal number. [2]
4 . .
\/g isan irrational number. [-3]

For any real number p, p o% = 1 by the identity

property of equality. [-3]

Iongr log x
14 1092 2log2
2|09X+ logx
2log2 2log2
and so log(x®) =log4 and x* =4, x*=16. So

A=16.
For part 11, multiply by the conjugate to get

V6 ++/3++/2 441
. .

=1 and getting acommon

denominator gives

15.Get a common denominator to get
4x+1= A(X+ 3) + B(Xx—3) and set the coefficient of
the x's equal to get A+B=4, and the constants are equal
to get 3A-3B=1. We get 6A=13.
On part 11, square both sides to get D+E=7 and DE=10 so
D and E are5and 2 in any order.



