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Following Tangent Lines Name(s):

In previous activities, one of your goals was to plot the derivative of a
given function f and examine how the two functions fand f” were related.
Here, you will again start with a plot, but this time your plot will be the
derivative, or slope function, of some unknown function. Your job is to
determine the shape of the unknown function when given its derivative.
Because you're starting with the derivative and working backward, you're
trying to find the antiderivative of the function you're given.

Sketch and Investigate

The best tools for predicting what a plot of f(x) might look like when you
have the plot of its slope are tangent lines. First, let's review what tangent
lines do for us when we do have f.

1. Open the document FollowTangent.gsp in the y=H(x}
Exploring Antiderivatives folder. You will find 10-
a function f(x), its plot, a tangent line to f(x) at
point R, and a plot of the derivative of f(x). /

2. Move point R along the plot of f(x) and watch
how the little arrow at point Q helps show the
shape of the plot—even though () is not a point
on the function plot. When you are done
observing, move point R as far left as you can.
Do you really need fif you have the little arrow at point R?

-10

3. With point R selected, choose Edit | Split Point From Function Plot
and press the Hide f(x) button.

4. Select point R and choose Trace Point from the
Display menu.

a,reaﬁi";i'y\ﬁ?{,h‘;?“,r 5. Can you retrace the now hidden plot of f by

looks like. moving point R in the direction of point Q?
Now that point R is not on the function plot,
you'll need to move it carefully in the direction
indicated by the arrow. Give it a try!

@1 Press the Show f(x) button. Could you trace out the basic shape of f?
What might account for inaccuracies in your trace?

Q2 Write the equation of the tangent line through point R (x, ) in
point-slope form, using derivative notation for the slope.

If you follow the tangent line precisely, you can create a very good
rendering of the shape of the function f. However, you also want your
prediction of the antiderivative to be fairly accurate. Just how accurate is
using the tangent line to approximate values?
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If you want to
change the location
of point A, edit the
parameter xa.

Select point R and
then choose
Abscissa {x) from
the Measure menu
to measure the
x-coordinate and
Ordinate (y) to
measure the
y-coordinate.

You also have the
value of f{x;) so that
you can observe the

exact value of the

slope of the line as

you move point A.

You can move a
point vertically using
the Up Arrow key.

Following Tangent Lines {(continued)

6. To review the answer to this question, go to page 2 of the document.
Here you have the same function, tangent line, and point R. Point R is
tixed this time as the “zoom-in center” at x = 2.

7. The error you get using the tangent line’s y-coordinate instead of the
function is represented by the red segment between point S and point
S Move point S so that xg = 1.

Q@3 Use the x- and y-scale sliders to zoom in on this
function at point R. Compare the y-coordinate
that you'd get using the tangent line to the
function’s y-coordinate. How close do you need
to get to x = 2 to make your error at most 0.01?

You can see that the tangent line to f(x) at x = x; is a good approximation

of f(x) near R. How is this useful? In the next few steps, you will use the
derivative to construct a tangent line to a function without the function
being there and use it to sketch the plot of the function.

8. Go to page 3 of the document. Here you will find the plot of a
function f’(x) and point R.

> 9. You need to construct a tangent line at point R, so measure its x- and

y-coordinates.

10. If you assume that point R is on f(x), then its y-coordinate is f(xz). To
relabel its y-coordinate as f(xy), double-click on measurement y, with
the Text tool and enter £ (x[R]) on the Label panel.

You do not have the equation or a plot of f(x), but you can still plot its
tangent line at point R because you have its slope.

11. Where is this slope? You can get it from the given function f'(x).

Choose Measure | Calculate and calculate the slope of the tangent
line f’(xg). (What does f’(x;) represent on the plot of f'(x)?)

12. Choose Graph | Plot New Function and
enter the expression of the tangent line in

point-intercept form: f(xg) + f'(xg) - (x — xg).
Label this function T.

13. Move point R around the window and observe
how the slope of the tangent line changes.

Q4 Where does this line have a negative slope?
Where does it have a positive slope? Where
does it have a slope of 07

@5 Move point R vertically only. What do you observe about the slope of
the line? Why does this happen?
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Following Tangent Lines (continued)

You have created a line, T(x), whose slope is equal to f'(xg). While this line

has the equation of the tangent line for our unknown function f (x) at point
R, it is not actually “tangent” to anything at the moment.

Let’s assume for the moment that point R is on our function f. Then, for
points near x = xp, this line gives a very close approximation of the plot of
f(x). Can you use this line to sketch the plot of the function f(x)? Yes! But
only if you can follow the tangent line for a short distance. In order to
make a small segment on the tangent line, you will use the slider that
adjusts the measurement h. 5

14. Choose Calculate from the Measure menu and y=tx)

create the expression x + h. =TOR 10

15. To plot a second, nearby point on the tangent line,
start by calculating the value of T{(xy + h).

C“g;ggf;gﬁg .9 16. Deselect the measurement T(xy + h) and then select
deselect an object. the measurements x, + h and T(xy + k) in that order 10
and choose Graph | Plot as (x, y). Label this point Q.

17. With point Q selected, select point R and choose Segment from the
Construct menu.

18. With the segment selected, turn on tracing by choosing Trace
Segment from the Display menu.

Now the segment will leave a trace behind as you move point R around
the plane. This segment will trace out the shape of the original unknown
function (the antiderivative), if you always
move point R in the direction of point Q.

If tart out t . . .
high or 100 tow on > 19- Select point R and drag it slowly in the
the sareen, your direction of point Q. At the slightest
trace will run off the .
edge of the screen. movement of point R, however, the slope
If so, erase th : :
tyaggsﬂﬁﬁitaﬁ of the line will change, so you must
againin a different constantly adjust, changing the direction in
position.

which you move point R as you go. (This
may take some practice!)

20. Once you have practiced this, drag point R
to the left of the page so you can trace from left to right. Choose
Display | Erase Traces, and then carefully move point R, always in
the direction of point Q, to trace out the antiderivative.

You may have trouble at first tracing in the correct direction. Keep trying,
and you’ll get better at following the direction of point Q.
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Following Tangent Lines (continued)

Q6 Examine the trace you have created. Where is the function it
represents increasing? Where is it decreasing? Where does it reach a
local maximum or minimum?

Q7 How do your answers to Q6 compare to your answers to Q4?

The accuracy alsc : : : 4
dopends o barns| The accuracy of the antiderivative you've traced so far depends on your

relatively close to 0. ability to follow the direction of point Q. You can automate this process by
The closer to 0, the . . . . . .
more accurate the| having point R try to move toward point Q. This will guarantee that it
frace-]  goes in the correct direction. What's more, point R can never catch up with

point Q, so it will keep moving toward it indefinitely.

21. Erase your traces. Select point R and point Q,
in that order. Choose Movement from the
Action Buttons submenu of the Edit menu and
keep the speed at medium. Click OK.

If you start out tool s, 27

high or 1o low on . Position point R where you want tracing to

traégewﬁﬂiﬁ”éf??ﬁé start, erase traces and then press the Move "
edge of the screen, Point button and watch it go.

If s0, erase the

fraces and starl) - How accurate was your trace compared with the
again in a different

position. | “automatic” trace?

23. Choose Undo Animate Point from the Edit
menu, and point R will return to its initial location.

24. Make several traces, starting from the same horizontal position but
from different vertical positions. To do this, turn off tracing for the
segment and move point R up or down vertically, then turn on tracing
again.

@8 What do you notice about the traces? Can all these traces be
approximations for the antiderivative? If so, how can this be? If not,
explain why they are not.

Explore More

Look at the functions on pages 4-8. Each page has a different kind of
function as the given slope function. For each one, make a prediction for
the antiderivative, then follow these steps:

1. Drag point R to the left of the page so that you can trace from left to
right. Press Esc twice to erase any existing traces, and then carefully
move point R, always in the direction of point ), in order to trace out
the antiderivative. Repeat this step until you have a relatively smooth
trace that you like.

2. Choose Edit | Undo Animate Point to return point R to your initial
starting point. Then press the Move R—(Q button. Compare your trace
with the automatic trace.
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Step to the Antiderivative Name(s):

The fact that the tangent line to a function
at a given point is a close approximation of
the function near that point is a very useful
thing. In the previous activity, you used
tangent lines to determine the shape of the
plot of f(x) given a plot of its derivative,
f’{x). In this activity, you'll use tangent
lines to construct tools that will create
dynamic approximations of the
antiderivative, rather than traces. In the process, you'll look rather closely
at the construction of the approximate antiderivative so that you can train
yourself in plotting antiderivatives by hand.

Sketch and Investigate

1. Open the document StepTangent.gsp in the Exploring
Antiderivatives folder. On page 1 you will find a function plot f(x), a
few sliders, and an independent point R. Suppose that the function
f(x) is the derivative of some unknown function F, so F'(x) = f(x).

e o S het> 2. You will also find line T(x) through point R. This line has a slope
equal to F'(xy), or f(xg)—so T(x) = yp + f(xg)(x — xzg)—and point Q with

page 89 for more in-
depth explanations.
coordinates (x + h, T(xy + h)), just as you built in the last activity.

Q1 Verify that the line T(x) does have slope F'(xp), or f(xg), using the

appropriate measurements from the plots and point R. Check that
your verification holds even if you move point R.

To trace the location 3 = e 13 : . .
o oot o For points near x = x, this line gives a very close approximation of the

follows point @, you|  plot of F(x), and in the previous activity, you approximated F(x) by tracing
can press the . . . .. ’
Move -G buton.|  POINt R as it followed point Q. This time, you'll construct a tool that
creates a tiny segment of that line so you can build an approximate plot of
F(x), one segment at a time, simulating how you might sketch an

antiderivative with paper and pencil.

3. Construct a segment from point R to point Q by 10
selecting point R and point Q and choosing Segment
. from the Construct menu. ¥=1(x)
. . s 5
oo e pont@s 1> 4. Select line T(x) and choose Display | Hide Line. NG
int @ with th i i 4
paint 2 with the Hide point Qs label.
5. To create the new tool, select the givens: point R, — —4
measurement k, and the expression for f(x). Then / :t
select the results: point Q and the segment RQ).
Choose Create New Tool from Custom tools and name this tool
Antiderivative Segment. Check Show Script View and click OK.
Exploring Calculus with The Gecmeter's Sketchpad Chapter 4: Expioring Antiderivatives » 93
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After you're done,
Function f and
Measurement h
will be assumed
as shown.

Asauming:
2. Measurement h

3. Function f

Point (¥s label is not
showing because
paint Qs very close
to point R.

Step to the Antiderivative (continued)

> 6.

7.

When you clicked on point Q) with the tool, you made a

In the tool’s Script View, double-click given Measurement h and check

Automatically Match Sketch Object. Click OK. Do this again for given
Function f.

Choose Antiderivative Segment from Custom tools. 5

Click on point Q. “\i y=1tx)

new segment that starts at point Q and has a slope equal ’ / _iL ]

to F'(x), or f(x,). By repeating this process, using each

new point to make a new segment, you can build an approximation for
F(x) one step at a time.

Q2

Q3

Qs

10.

rn.

Q6

Suppose you had been doing this with paper and pencil, starting with
point (), and you wanted to draw the segment constructed in step 7.
What tells you the slope of your segment? How could you have
predicted, in the figure above, that the second segment would have
been angled as it is shown?

For your function, predict what the third segment will look like and
draw a sketch of it in the margin. Then check your answer by using
the tool to create the third segment.

Adjust the slider for k so that i = 0.25. Then create
at least ten more segments by clicking on the
endpoint of the previous segment with the
Antiderivative Segment tool.

Suppose you had been doing this with paper and
pencil. How could you have predicted when a
segment would have a positive slope? A negative slope? A slope of 0?

How do you know when to make a segment whose slope is greater
than the previous segment? Less than the previous segment?

Go to page 2 of the document, and either print the page or make a
rough sketch of the function on your own paper. Starting from point
A, sketch the antiderivative of the function shown, either smoothly or
as a series of segments.

Adjust the slider so that i = 0.25. Choose the Antiderivative Segment

tool and construct enough segments, starting at point A, to cover the
interval [x,, 2]. Compare this with the sketch you made by hand.

To compare your approximation with a very good approximation of
the antiderivative, press the Show RQ button. Press the Move R—A
button and then press the Move R—Q button.

How close was your hand-drawn sketch for the approximation of
F(x)? How close was your approximation using the tool?
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Step to the Antiderivative (continued)

Q7 Adjust the slider for hso that h = 0.1. Describe what happens to the
approximation you constructed with the tool and its accuracy. Explain
why this happens.

;gﬁfi”ug"‘so? o r 12. Adjust the slider for h so that i = 0.25 again. Select

by pressing the Up point A and drag point A up or down to a new
or Down Arrow keys. location with the same x-coordinate. Press the
Move R—A button and then the Move R—(Q button
to make a new trace at this new location.

Q8 What is the relationship between the new trace
and the previous trace? Use your knowledge of
derivatives to explain this relationship.

Move buttons to hand the antiderivatives of the given function plots. Then, go to the

Y?}% can also use T 13. On printed copies for each of pages 3-6, sketch by
ke a trace. 1
make afrace sketch and use the tool to construct an approximation.

Q9 On page 6, the y-scale is not shown. Why is it still possible to sketch
an approximate plot of the antiderivative of this function?

Use your work from pages 2-6 to answer the following questions.

Q10 When f(x) is positive, what can you say about your antiderivative
approximation? What can you say when f(x) is negative?

Q1t When f(x) is increasing, what can you say about your antiderivative
approximation? What can you say when f(x) is decreasing?

Q12 Where f(x) changes from positive to 0 to negative, what can you say
about your antiderivative approximation? What can you say about
where f(x) changes from negative to 0 to positive?

Explore More

When you constructed the tool on page 1 of this document, you selected
the expression for f(x) as one of the givens. So, if all you have is the plot of
f(x), this tool won’t work. We need a different tool for that case.

1. Go to page 7 of the document. On this page, segments and a
semicircle define f(x). Try using your tool here. What happens?

Q1 When you sketch an antiderivative by hand, you don’t really need
the expression of f(x)—just the y-value. Sketch a graph of an
antiderivative of the function f(x) shown on page 7.

@2 What happens at the points where x = -2, 2, 4, or 6?

In the steps below, you will make a new tool that addresses this case.

T i by . . . . .
ne o edd > 2. With the Point tool, construct a point on the semicircle. Measure the
automnatically. If not, » 1 i i 1 : ]
e you Toxt 1ool y-coordinate of this point by choosing Measure | Ordinate (y). Since

to label this point A.
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Step to the Antiderivative (continued)

we lack an expression for f(x),we can use this value, y,, for the slope
of the segment used in this tool.

3. Select the point again and measure its x-coordinate by choosing
Measure | Abscissa (x).

4. With the Point tool, create an independent point, R, in the plane.
Measure its x- and y-coordinates as you did above.

e ormpare tfis wilh | 5. This time, define the tangent line function by choosing Graph | New

step 2 of Sketch and i i + - i ]
hesihely Function and entering y, + y,(x — xg). Label this function T(x).

6. On a small interval, this linear function T(x) will approximate the plot
of the antiderivative. To define the length of this interval, create a

i Dlace of the second point anywhere on the semicircle. Measure the x-coordinate of
used earlier. > this point, labeled C, and calculate x - x,. Label this calculation h.

7. Choose Measure | Calculate and create the expression x; + h. Then,
calculate T(xy + h). Select x; + h and T(xy + h) and choose Graph | Plot
as (x, y). With the new point still selected, select point R and choose
Construct | Segment.

8. Select points A, C, R, the new point constructed in step 7 (in that
order), and the segment. Choose Create New Tool from Custom tools.
Name it Anti-Segment2.

Your tool can now be used to construct an antiderivative of this and any

other function with just the function’s plot. . . !
ist point 2nd point

9. To use the tool, go to page 8. Choose Anti- -4 -2
Segment2 from Custom tools. Construct two 3,d@,°in.°

points on the first line segment of the function
plot and therf construct a third Point directly vot port_2nd poim[
below your first constructed point, as shown.

-4 -2

A segment with a slope equal to the y-value of the e

first point is created. The spacing between the two :
points on the function plot determines the segment’s length.

10. Before you create more of the approximation of the antiderivative,
make sure your first and third points have the same x-coordinate.

Q3 Why is it necessary that their x-coordinates are the same? Why did
you not need to worry about this with the previous tool?

M oot o [> 11, Use your tool to construct the antiderivative. So that your constructed
antiderivative is all one piece, match your first and third points with

always on the
function plot. . .
the endpoints of the previous segment as shown above.

@4 How close was your original sketch in Q1 to your constructed
antiderivative?
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Plotting the Antiderivative Name(s):

The process of constructing an approximate
antiderivative, one linear step at a time, is
called Euler’s method. In the previous activity, it
was very useful sketching antiderivatives,
given the function’s plot. In this activity, you
will work with this process again—but this
time with two different goals in mind. You will
use Euler’s method numerically to approximate
the value of an antiderivative at any particular
value of x and graphically to get an idea of the
antiderivative expression.

Sketch and Investigate

1. Open the document Antiderivatives.gsp in the Exploring
Antiderivatives folder. On page 1 of this document you will find a
function f(x), its plot, a fixed point R, and a parameter . Here f(x) is
the derivative of some unknown function F, so F'(x) = f(x).

Q1 Suppose you are given initial values x, and y;

of a point on F(x). Using f(x;) as the slope of siopeRQ = f(x(R])
the plot of F(x) at point R, what is an *p=-1.22384
approximate value of F(x} at x; + h, shown in YR=OMOE o/
the figure as point Q?

Euler’s method is an iterative algorithm: start with an x- and y-coordinate,
perform the algorithm, and then repeat on the new coordinates. In
Sketchpad, you can actually see this process using the Iterate command.

2. Here, point R has coordinates determined by the parameters x; and
Vg Select the measurements x; and vy, and then choose Iterate from
the Transform menu. Click on x, + k and then yp, + f(x3) - k to match

the pre-images to their first images. Uncheck Tabulate Iterated
Values in the Structure pop-up menu. Press the Iterafe button.

You can select the

b mafr%,%% > 3. The first three iterations of Euler’s method will appear in your sketch.

“:)eoi‘:tf:?v :mﬁg With the iterated image selected, choose Properties from the Edit
Arrow tool. menu. Change the number of iterations to 100 on the Iteration panel.

Yg‘;;ﬁgr%’;egroft?#é > @2 Using just the iterated plot given by Euler’s method in step 3, can you

your prediction as a predict what the antiderivative might be?
new function.

Next, we'll use Euler’s method to go step by step to approximate F(2)
given that f(x) = sin{x) and we start at (-2, 1).

This requires us to figure out how many steps there are of size k from the
initial point to the terminal point. In this example, if the initial point has
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Plotting the Antiderivative (continued)

xp = -2, final point at x = 2, with step size 0.1, then (2 - (-2))/0.1 = 40, so
we need 40 iterations.
4. Select the iterated image by clicking on any of the points in the image;

then choose Properties from the Edit menu and change the number of
iterations to 40 on the Iteration panel.

Toed peea 21> 5. To construct the terminal point, choose Terminal
clicking on any of Point from the Transform menu with the iterated
the image points .
with the Arvow tool. image selected.

6. With the terminal point still selected, measure its
coordinates by choosing Measure | Coordinates.

Q3 Is the terminal x-value after 40 steps of size 0.1
indeed 2? If so, what is the approximate value for F(2) using Euler’s
method with a step size of 0.1?

caramaeierge 2 1> @4 What is the approximate value for F(2) using Euler’s method with a

double-click on it step size of 0.05? (Change parameter h and the number of iterations.)

with the Arrow

ool and ent : . , . . :
* owvale | @5 Describe how the iterated image changed with this new step size.

You might already know the antiderivative of sin(x), so you could
calculate F(2) directly (always remembering the initial conditions), but in

many cases it is not possible to find an expression for
the antiderivative of a function, so your only option
is Euler’s method. Here’s an example.

7. Double-click on the expression for f(x) and
changeitto £ (x)=sin(sqrt(abs(x))). L

crmmies 2 |> @8 Now, you can’t find an expression for F(x), but,
of the parameter using Euler’s method with a step size of 0.05, ' '
what is the approximate value for F(2), if

¥ghere.
F(-2)=0? +

You can use this method with any function, whether it has an explicit
antiderivative or not. For the ones that do, sometimes it takes a lot of
practice to antidifferentiate correctly. Here, Euler’s method can give you
a rough plot to start with.

8. Go to page 2 of the document. Here we have the same situation as
on page 1, except that here point R is independent or free to move.

9. Select the measurements x + k and y, + f(xz) - k in that order and

choose Plot as (x, y) from the Graph menu. Label this point Q. With
this new point, you can repeat Euler’s method.
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Plotting the Antiderivative (continued)

Make sure point Qis : menu. Click on
e ot o wen = 10. Select point R, and choose Iterate from the Transform men

by clicking once in point Q to match the pre-image (point R) with the first image (point
ar;(glrlr:?ﬂtsl"rsﬁv‘it ool Q). Uncheck Tabulate Iterated Values in the Structure pop-up menu.

Click the Iterate button, and three iterations will be constructed.

11. With the new iterated image selected, choose Edit
| Properties. Change the number of iterations to
200 on the Iteration panel.

12. Use the slider to adjust the value of ki to

approximately 0.02.
You can enter your : : ) .
quess using the [> QA7 Do you recognize this plot? Can you guess its
Graph menu and equaﬁon?
then see how well
it matches the

iterated image.

Exploration 1

On pages 3-7 there are various functions and their plots. For each one, an
iterated image using Euler’s method with step size /i has already been
constructed.

1. For each function f(x), use the iterated image to predict the expression
for the antiderivative. Write your prediction on a separate sheet of

paper.

2. Test your prediction by choosing Plot New Function from the Graph
menu and entering your expression. If you need some constants, press
the Show Sliders button and use the sliders provided to build the
expression.

3. If your prediction is not correct, compare the plot of your guess and
the iterated image for hints as to how you should edit your function.

4. Asyou saw in step 7, there are functions for which it is not possible to
find an antiderivative expression using elementary functions.
Examine the function f on page 8. Iterate point R as you did before,
and examine the image created.

Q@1 Sketch your iterated image of the
antiderivative that you constructed
in step 4 on your paper. What is the
approximate value for F(5) using
Euler’s method with a step size of 0.05,
if F(-10) = -1.75?

Exploration 2

You have seen that when a function is translated vertically, its derivative
is unchanged. Is its antiderivative unchanged as well?

1. Go to page 2 of the document. On this page, f(x)} = sin(x) + c.
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Plotting the Antiderivative (continued)

Q1 Adjust the slider for c. What happens to the antiderivative
approximation, or the iterated image, when you translate the plot of
f(x) vertically upward? Vertically downward? Why does this happen?

Q2 In general, how will the antiderivative of f(x) differ from the
antiderivative of f(x) + ¢?

The sine function, its plot, and its antiderivative approximation are also
useful for looking at other transformations.

2. Go to page 10 of the document. Here
you'll find the function f(x) = sin(x), a
transformation of f(x) labeled g(x), a
couple of sliders, and the antiderivative
approximations for each function
constructed as before.

3. Adjust the slider for ¢ and investigate how
changing the value of ¢ affects the
approximated antiderivative plot of the function g(x), or f(x + ¢).

Q3 Are the antiderivatives of f(x) and f(x + c) horizontal translations of
each other for all initial conditions? If not, can you adjust the initial
conditions so that this is the case? Or is there some other relationship
between the antiderivatives? If so, what is it?

4. Edit the function g so that g(x) = c - f(x). Investigate the relationships
as you did in step 3.

Q4 Are the antiderivatives of f(x) and c - f(x) vertical stretches of each
other for all initial conditions? If not, can you adjust the initial
conditions so that this is the case? Or is there some other relationship
between the antiderivatives? If so, what is it?

5. Edit the function g so that g(x) = f(c - x).
Investigate the relationships as you did S,
in step 3. ; :

"o

Q5 Are the antiderivatives of f{x) and v | L
f(c - x) horizontal compressions of .
stretches of each other for all initial
conditions? If not, can you adjust the T
initial conditions so that this is the case?

Or is there some other relationship
between the antiderivatives? If so, what is it?
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A Field of Slopes Name(s):

Finding the antiderivative F(x) from the
equation of f(x) where F'(x) = f(x) is called
solving a differential equation. As you have
seen, a differential equation has many
solutions, because if F(x) is an antiderivative
of f(x), then so is F(x) + C for any constant C.
So every differential equation actually
describes a family of functions that are
translations of each other.

In this activity, you will investigate slope fields,
which are a method for visualizing the family
of functions described by a differential equation, and apply a method for
approximating a particular solution from the many possible solutions.

Sketch and Investigate

1. Open the document Slopefield.gsp in the Exploring Antiderivatives
folder. On page 1 of this document you will find a function f(x), its
plot, an independent point R, and a slider.

Seiect point R, then

choose Measure | I~ 2. Because point R is independent, we can assume that it is on the
Abscissa (x). antiderivative F. Measure the x- and y-coordinates of point R.
{Choose Ordinate
(y) for the

ycoordinatey| 11 the previous activities you learned that if F(x) is a solution to the
differential equation F'(x) = f(x) and F(x) contains point R, then at point R,
the tangent line to F must have the equation y, + f(xz)(x — x3) and near
point R, the antiderivative F(x) must look like this tangent line.

3. Calculate f(xz) by choosing Measure | Calculate. Label this
calculation SlopeAtR by double-clicking on it with your Text tool.

measgécrﬁeonr;;’:glé 4. To plot the tangent line, choose Plot New Function from the Graph

enter them into the : '
E esion editor. menu and enter the expression y, + SlopeAfR - (x - x3) .

5. Relabel this function T by double-clicking on the equation with your
Text tool.

The tangent line only approximates the plot of 2
F(x) for a small interval around point R, so next
you'll create a short segment of a fixed length
around point R, with a slope equal to the slope of
the tangent line by using the slider that adjusts the
measurement s.

-

oas ok on the "> 6. Choose Measure | Calculate and calculate x, + s. Then calculate

enter them into the
calculator, T(xR + S).
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A Field of Slopes (continued)

7. Select x; + s and T(xy + s) in that order, then choose Plot As (x, y) from
the Graph menu. Label this point Q.

8. Plot the point (x; + s, yg).

%rm”;g’fégﬁ cieete |> 9. Construct a circle with center R and radius s by selecting point R and
point £, and then on the new point from step 8 and choosing Circle by Center+Point from
the new point.
the Construct menu.

10. Select the tangent line and choose Display | Hide Function Plot.
Then select points R and Q and choose Construct | Line.

You can also make 11

= segment by . Construct both intersections of the circle and the

selecting botn points line RQ by clicking on the intersections with
with the Segment
tcl. your Arrow tool. Then construct a segment

between these two intersections by clicking on
both points and choosing Construct | Segment.

12. Hide the point (xz + s, yz), the circle, and both

intersection points by selecting them all and choosing Display | Hide
Objects.

13. Adjust the slider for s to approximately 0.3.

The segment you've created centered at point R has slope F'(xg) or f(xg)

and a fixed length. Now for the fun part! The segment at R shows you
the slope at a single point. Dragging R shows the slope at every point

of the drag. A slope field diagram describes the slope at many points
simultaneously, giving a “big picture” of the shape of all solutions to the
differential equation.

14. Select the segment and choose Display | Trace Segment. Make the
segment thicker by choosing Display | Line Width | Thick. Using
tracing here shows the segment’s slope at various positions of R

simultaneously.

15. Choose Snap Points from the Graph
menu. Snap points causes dragged
points to stick to the grid points of
your coordinate system.

16. Drag point R. As you drag, the traced

segment shows the local slope for each
point on the grid. Try to drag R so that you fill in the entire grid.

Q@1 In your slope field, where is the segment’s trace horizontal or closest
to horizontal? Where is the trace closest to vertical?

Q2 Explain your answer to the previous question algebraically in terms of
your differential equation. Why is the line horizontal or near-vertical
in the cases you found in Q1?
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A Field of Slopes (continued)

Q3 Suppose you dragged point R around
the plane and traced the slope field in
the picture on the right. What can you
say about the differential equation?

e

Now, in order to find a particular solution |/ / | &
to a differential equation, you must haveat |/ . . |
least one point that lies on F(x)—cailed an
initial point. Suppose, for example, that F(x)
passes through the point (-9, 7). You can now trace an approximate
particular solution by “following” the tangent line. |

17. Select point R, and then point , and choose Edit | Action Buttons |
Movement. Click OK. This button will move point R toward point Q
so that point R will follow the tangent line.

18. Move point R to the point (-9, 7). Then press the Move R—{Q button.

Q4 Given that the antiderivative of sin(x) is
—cos(x) + C, find the actual equation of
the function that you've approximated by
this trace. Plot your answer to see how it
compares with the approximation.

s, g i
S, ,(“355. el

if point A moved off Qs

your screen, choose Move point R to another location and

_ Edit | Undo press the Move R—(Q button. Find the
Animate Point 1o s . < g s .
bring it back to its equation for this new trace as you did in Q4. Is this trace a vertical

starting point. translation of your answer in Q4?

Looking at the traces of the approximate particular solutions, you can see
that the segment traces that make up the slope field suggest the slope or
direction of all the possible solutions to a given differential equation.

@6 Go to page 2 of the document. Here f(x) = x. Predict what the slope
field will look like for this differential equation, and then create the
field as you did in step 16 above.

acgeggﬂgg"grﬁ?;ﬁ T Q7 Once you've diagrammed the slope field for your differential

copy the diagram on equation, choose File | Print to print your sketch. Describe the shape
page 109. . . .
and location of the patterns that occur in the slope field.

@8 On your printout, use different colored pencils to trace out three
particular solutions you see in your slope field.

In the questions above, you could probably predict what the slope field
e altermative and the particular solution would look like from what you know about

symbol for derivative | d€rivatives and antiderivatives. But slope fields can also be used for
is used here : : : . ’ .
because the differential equations whose solutions aren’t so obvious.
differential equation p
is a function of both . . T . . .
xand y. (> For instance, what function satisfies the differential equation & _ y?
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The grid spacing
can be adjusted by
pressing the Show
Grid Controls buttan
and then editing the
parameter scale.

If you don't have
access to a printer,
copy the diagram on
page 109.

‘_)mo

A Field of Slopes (continued)

What does its slope field look like? Here the slope of the solution at a
point depends on y instead of x. In other words, at any point (x, y), the
solution has a tangent line with slope equal to the y-coordinate of that
point. So, for example, at the point (2, 3}, the solution F(x) has a tangent
line with slope 3. Is there a function with this property? You can use slope
fields to find out.

19. Go to page 3 of the document. On this page you will find a point R
and a segment centered at R, as on page 1. Here, though, point R is
constrained to move along the locus of grid points so that you can
create a slope field with more detail.

Use a piece of graph paper to sketch a slope field for this differential
equation. At each point R, (x, yz), draw a small segment whose slope
is equal to the value of y;.

20. To check your answer for Q9, select SlopeAfR and choose Edit | Edit

Calculation. Then enter in the expression y, for the new slope.

21. To create the slope field, move point R to every grid point.

Print your sketch by choosing File | Print. Describe the shape and
location of the patterns that occur in the slope field.

Q@11 On your printout, use different colored pencils to trace out three

different particular solutions you see in your slope field.

22. To check your answer to Q11, press the Show Initial Pt button and

move point Initial to any one of your initial conditions in Q11.

23. Select point R and choose Edit | Split Point from Locus and press the

R—Initial Pt button. Now press the Move R—(Q button.

@12 What function does your particular solution look AR
like? Using your 1-<nov.vledge ?f derivatives, can & :;; f, ;;,, :;;; i ;
you prove that it is this function? L

T -;r&*“‘f’.ﬁ‘j o
B
Explore More m"*%&ww o
e B PSS &
For each differential equation answer these questions. NI y ‘:tiiﬁr 3
AT B
dy dy T W T T O 1
A —+==05-«x B ==y-2
dx dx

@1 Describe how the slope field is similar to and different from 4y _ y.

Select point R and any point in the grid, then choose Edit | Merge Point
To Locus.

Q2 Repeat steps 19-23 and answer Q9-12 for each equation.
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Stepping Through the Field Name(s):

In the previous activity, you were introduced to i ,. ‘ i % 34 fl'
slope fields as a way to visualize the family of poloyg Eg; i

. . . fa iy LRE EFT I
solutions to a differential equation. You saw that g f{ 7 .f if gy 1
slope fields could be used as a map—pick a starting L4 5; 5 59; g ;‘,1‘};;2&

. . i il g
point and follow the direction of the segments Yo / v i
through the field. e W f o
. . . A i g e 1 """

Slope fields point the way along solution curves by i ;

showing the slope of the tangent to the solution
curve. In this activity, you will see how Euler’s method tells you how to
move through a slope field numerically, step by step. You will also
explore a wider variety of slope fields, use them as maps to draw possible
solution curves, and apply Euler’s method to approximate a particular
solution numerically.

Sketch and Investigate

To start the process, let’s examine the differential equation gz =X

x Y
What does its slope field look like? Here the slope of the solution at a
point depends on both x and y, or in other words, at any point (x, y),
the solution has a tangent line with slope x/y. So, for example, at the
point (2, 3), the solution F(x) has a tangent line with slope 2/3.

Q1 Use a piece of graph paper to sketch a slope field for this differential
equation. At each point, {(xg, yz) | -3 S xzg £3, -3 S yz <3}, draw a small
segment with slope xz/y5.

1. Open the document Euler.gsp in the Exploring Antiderivatives
The grid is really a folder to check your answer. On page 1 of this document there is a
locus of grid points, ‘a grid of points. Point R is on the grid, and the segment centered at

and point A is on the . . .
locus. point R has been constructed so that its slope is equal to x;/y;.

2. Check your slope field by dragging RO Rt
. . ., ™ s..% ol ”"M"'""""Jﬁ’" :,.. =_'" .
point R around the grid—make sure 5 e Ry
WL T “ R
ha . . ) ‘é‘ li- 'S.i ., :’ g T .f
you have a trace at all the grid points RN ’ ;x;} j;; ij !
acaeoy domi have 1> @2 Choose File | Print to print your 14 f1{td
copy the diagram on sketch. Describe the shape and location | ; . "EERER
page 109. . i . % ‘% b
of the patterns that occur in the slope e AL
field. : TR
b Feeme, "n e L
) ) o T
@3 On your printout, use different colored |« et e
pencils to trace out three different ( ]
particular solutions in your slope field.
3. To test one of your particular solutions, press the Show Initial Pt
button and move point Initial to one of your initial points in Q3.
Explering Calculus with The Geometer's Sketchpad Chapter 4: Exploring Antiderivatives +« 105

© 2002 Key Curriculum Press




Stepping Through the Field {continued)

4. Select point R and choose Edit | Split Point from
Locus. Press the R—Initial Pt button and then the
Show Point (Q button.

Adjust the siid
abelod Direction o T 5. Now, press the Move R—Q button. Observe how

move point A in the point R follows the direction suggested by the
opposite direction. .
segments and the slope field.

In “Plotting the Antiderivative,” you saw that Euler’s
method is an iterative algorithm with these steps:

i. Start with an initial point or condition or (xy, yz).

ii. Calculate the slope at that point using the given equation—in this
case, X/ Yy

iii. For the given value of h, calculate the change in y using this slope
—specifically, slope - h. Add this calculation to y; to get a new
point, (xz + h, yg + slope - h).

iv. Repeat this process with the new point.

Now, let’s apply Euler’s method using (-5, 4) as the initial point.

To remove clutter,
you ¢an hide point

6. Select point Initial and any grid point to select the locus of grid points.

iy (’:ﬁflggrﬁ?gkgg Choose Edit | Merge Point To Locus. Now move point Inifial to the
with the Text tool. point (5, 4). Press the R—Initial Pt button. The slope of the solution at

this point is xz/yg, or -5/4.

Because & is set at 0.2, the y-value of the first approximation using Euler’s
method will be y, + slope - h = 4 + (-1.25)(0.2) = 3.75. So the first

approximated point will be (xp+ h, y; + slope - h), or (4.8, 3.75).

7. Point (} has been constructed using Euler’s method. Choose Measure
| Coordinates to measure point ’s coordinates. Do the coordinates
agree with the calculations above?

Check the status line 8
to make sure that

. Press the Hide Segment button. To see Euler’s method repeated, select

you have selected point R and then choose Iterate from the Transform menu. Click on
point A, If not, click . . . . .
on point A again. point ) to match the image point. Set the number of iterations to 1 by

pressing the minus (-) key twice. Uncheck Tabulate Iterated Values
in the Structure pop-up menu. Click Iterate.

Q@4 By hand, apply Euler’s method to the point (4.8, 3.75). What is the
next approximated point?

Tormingt paee’| 9. To check your answer to Q4, select the iterated image by clicking on

will only show up it the last created point, and choose Transform | Terminal Point.
you have selected

ly the | . . : .
only he fast Crgz}ﬁ?_ 10. With the terminal point selected, choose Measure | Coordinates to

measure its coordinates. Do the coordinates agree with Q4?
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Stepping Through the Field (continued)

Make sure the slatus 11
line says “Selected: :
1 iterated image”.
Otherwise, click on
the point again.

Qs

12.

Q6

When you click on

the location of the Q7

terminal point, the

iterated image will
be selected first.

Click on the iterated image and increase the number of iterations by
pressing the plus (+) key.

What happens when you use Euler’s method with an h of 0.2 after a
total of 12 iterations (counting point Q as the first iteration)? Explain
why this happens.

Select parameter #, choose Edit |

Edit Parameter, and change its ‘ Ao
value to 0.1. Then, again select the 1
iterated image, but this time, v e, peb

choose Edit | Properties. Change
Number of Iterations to 19 on the
Iteration panel. Click OK.

Your terminal point has i f A R
coordinates (-3, 0.643). What do
these coordinates mean in relation to the differential equation?

How could you use your sketch to approximate F(3) using Euler’s
method with initial point (1, 0.5) and step size h = 0.1? Try it.

You can use this document to experiment with all sorts of different

differential equations by following the steps below.

13.

14.

Go to page 2 to experiment with differential equations that have a

: : , . . dy  xp+
variable in the denominator. Examine the equation — = Rz—yR
dx Yr + 1

by editing the calculation numerator to equal x; + iy, and denominator
to equal y3 +1. (The calculation SlopeAtR will be updated

automatically.) Move point R around the grid to create a trace of the
slope field.

Go to page 3 to experiment with differential equations that do

not have a variable in the denominator. Examine the equation

dy/dx = (xz — yz)/3 by editing the calculation SlopeAfR directly. Move
point R around the grid to create a trace of the slope field.

Exploration 1

Pages 4 and 5 of the document have slope fields already constructed.
These are hidden when you open the page so that you can trace the slope
field yourself as you did above. Pick a couple of the differential equations
below and use pages 4 and 5 to do the following steps. (Use page 4 to
explore to explore differential equations with constant denominators and
page 5 for differential equations with variable denominators.)
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Stepping Through the Field (contimjed)

A. dy/dx = af B. dy/dx =ay*/x

C. dy/dx=a(y/x) D.dy/dx=05x+y

E. dy/dx =ax(1 - x) F. dy/dx=ax/by

G. dy/dx =cx/(y* + 1) H. dy/ dx = cy/ (if* + &)

Q@1 For each, first predict what the slope field will look like by evaluating
the differential equation at a few different points (x, y).

1. Then, edit the expression for the slope as described above in step 13 or
14 and make your slope field. Press the Show Field button, then use the
sliders to vary the values of the parameters in the differential
equations and observe any changes in the slope field.

If you don't have : . . z T
access to a printer, | G2 Print your sketch by choosing File | o .
copy the diagrams Print. Describe the shape and A

on pages 109 . . FA %
and 110, location of the patterns in the slope |*
field. i Ry !
b %g ¢ Ei

, . i :

Q@3 On your printout, use different % ;

colored pencils to trace out three 8
different particular solutions in Ny M e

your slope field. L o o

i\ “'u, “‘"‘*.. I e ;,}’ [

2. Create a particular solution by
using the Iterate command as described above in step 8.

Q@4 Describe how your particular solutions are similar and how they are
different for different initial conditions.

Exploration 2

In Q5 of the Sketch and Investigate AT NN SN
section, you saw that Euler’s method i 1T N oy
can lead to poor approximations when || ! et 5
vertical tangents are involved. Other | ! N SN
methods for approximating solutions l { A R ‘
to differential equations are more LA\ 3 z; 3
precise. ;g ) \ i i ?
prrir—h—
@1 What is it in the differential R ey ;;f !
equation on page 6 that causes the |+ s; W e ;
“whirlpool” effect in this solution X % mwowor 7 52
curve?
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A Field of Slopes
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dy/dx =ax(1-x)
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