The American High School Internet Mathematics Competition
The 2004 AHSIMC Exam

RULES.  Read carefully.
1.  Each team’s completed test must be emailed to tests@ahsimc.com, from one and only one of each 5-person team’s participating members, by Friday, September 17, at 12 PM.  A 60-minute grace period, extending to 1 PM Central Standard Time, will be allowed.  ANY TEST EMAILED AFTER 1 PM (CST) ON FRIDAY, SEPTEMBER 17, WILL NOT BE SCORED.
2.  When emailing back your completed test to AHSIMC, it may be in one of two formats:  (1) Microsoft Word “.doc” format, or (2) Adobe PDF file.  Submission of a completed test in any other file format will result in immediate disqualification.
3.  Any attachments to emails sent from participating schools to AHSIMC, other than the completed test, will result in immediate disqualification.  Furthermore, any harmful emails sent to AHSIMC or transmission of any viruses will be pursued and prosecuted to the fullest extent of the law.

4.  Calculators and computers ARE allowed.  However, work must be shown for the long answer section to receive credit.  Additionally, no partial credit will be awarded.  The test may be completed at school, at home, or anywhere participating students happen to be during the test week.  No one outside of the student team can contribute to a completed Exam – faculty and parents are allowed to address concepts that may appear on the 2004 AHSIMC Exam, but not specific questions. 
5.  All shown work should be inserted next to the relevant long answer question within the final test document.  NO SEPARATE SECTION FOR “WORK SHOWN” SHOULD BE CREATED.  Doing so may result in disqualification.  The standard amount of work shown for the long answer questions should be sufficient for any math professional to make a reasonable determination that a correct answer was not “guessed” – rigorous proofs are not necessary for full credit.
6.  Should multiple tests receive the same score after all short answer, chain reaction, and long answer questions have been graded, ties will be broken using the raw score after grading the tiebreakers/bonus section.  If two tests still have equal scores, ties will then be broken by the following criteria, in order:  
a.  having the correct answer for tiebreaker question #7

b.  having the correct answer for tiebreaker question #6
c.  having the correct answer for tiebreaker question #5

d.  having the most long answer questions answered correctly

e.  having the most short answer questions answered correctly 

 
    f.  earliest submission time of the completed test document back to AHSIMC 

7.  DO NOT SUBMIT MULTIPLE TEST DOCUMENTS PER 5-PERSON TEAM FOR ANY REASON.  Doing so may result in disqualification. 

8.  All participating students must be enrolled in a public or private high school or homeschool located within the United States of America.
9.  Unless otherwise specified, all answers should be exact and all fractions should be in lowest terms. 
10.  Make sure the below form is correctly, completely filled out.  Team names containing offensive language will be disqualified.

11.  The 2004 AHSIMC Exam Answer Key will be emailed out shortly after the competition deadline on Friday, Sept. 17.  During the week of September 20-24, participating teams are invited to appeal the answer to any test question.  Appeals will be taken via email to appeals@ahsimc.com up until 5 PM, Central Standard Time, on September 24, 2004.  All AHSIMC grading decisions are final.

12.  All test submissions for grading become AHSIMC property.  We encourage you to print a hard copy of your completed test for your records.
13.  Results for the 2004 AHSIMC Exam will be announced via email to participating schools and the press on Monday, November 1, at 8 AM CST.  Any questions or concerns should be emailed to questions@AHSIMC.com, but emails looking for help on specific test questions will not receive a response.
14.  Student teams can be anywhere between 1 and 5 students, with a maximum of 5 students, and a minimum of 1.  Adding additional teammates at any point during the week is allowed, as long as student teams completing the 2004 AHSIMC Exam do not exceed 5 students in size.  Your school can have an unlimited number of teams participate.
15.  Make sure to consult the 2004 AHSIMC Exam Homepage FREQUENTLY throughout the test week for any additional test-related news, announcements, or updates at www.ahsimc.com or www.americanmathcompetition.com.

16.  IMPORTANT!  When submitting your test document to tests@AHSIMC.com, make sure the test filename is formatted as follows:

2004 AHSIMC Exam – team name.doc  

OR (depending on your file format)   

2004 AHSIMC Exam – team name.pdf

where “team name” is replaced by your team’s name from the page below.

If you do not follow this formatting procedure, you may be disqualified at AHSIMC’s discretion.

17.  All decisions made by AHSIMC are final.
The American High School Internet Mathematics Competition

(even if you’ve already submitted this information, please fill it out again to accompany your completed test)
Team name:  
(be creative, but don’t be vulgar)
Name of student #1:
School:
Email address:

Videogame system preference: (GameCube, PS2, Xbox)

Name of student #2:
School:

Email address:
Videogame system preference: (GameCube, PS2, Xbox)

Name of student #3:
School:

Email address:
Videogame system preference: (GameCube, PS2, Xbox)

Name of student #4:
School:

Email address:
Videogame system preference: (GameCube, PS2, Xbox)

Name of student #5:
School:
Email address:

Videogame system preference: (GameCube, PS2, Xbox)
Good luck!

FOR TEST ADMINISTRATION ONLY – LEAVE THIS BLANK

Total short answer points:

Total chain reaction points:

Total long answer points:

Total tiebreaker points:

Total score:

Time submitted:
SHORT ANSWER
1 point apiece, 40 points total
1.  
Find the sum of the solutions of 
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2. 
Which famous mathematician is known for solving the following puzzle?

A pair of rabbits is surrounded on all sides by a wall. How many rabbit pairs can be produced from that pair in a year if it we assume that every month each pair begins a new pair, which from the second month on becomes productive? 
3.  
Find the sum of the solutions of 
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4. 
The population in Springfield increased from 2 million in 1900 to 4 million in 1930. Assuming exponential growth, predict Springfield’s population in 1945 (to the nearest thousand).

5.. 
In triangle XYZ, a point P exists on side YZ such that XP bisects angle 
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. If XY = 9, XZ = 6, and YP = 6, find the length of XP.

6. 
How many values of x satisfy the equation (x2 + 11x + 29)x2 + 14x + 48 = 1?
7. 
The radius of Kramer’s yo-yo is one inch. When he throws it, the yo-yo makes 5,000 revolutions per second. What is the linear velocity of the yo-yo in feet per minute?

8. 
P(x) 
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has a zero of 
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. If P(x) has real, relatively prime coefficients, what is P(x)?
9. 
Give the sum of the digits of the sum of the coefficients of the expansion of 
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10. 
1/2 – 1/8 + 1/24 – 1/64 + 1/160 – 1/384 + … = 
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11.
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 Find q.
12. 
Given the following equations, find A + B + C + D + E.
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13. 
What is the coefficient of the sixth term of the expansion of 
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14. 
Find the shortest distance between the points (101, 234) and (3, 6).

15. 
Let Z represent a Gaussian integer. How many Gaussian integers satisfy |Z| = 85?

16. 
Find the area of the region enclosed by parts of the line 
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17. 
If the minute hand and hour hand on a clock exactly coincide, and the time is between 8 and 9 PM, what is the exact time (expressed to a fraction of a minute)?

18. 
How many zeroes appear at the end of 127 factorial?

19. 
Find the equation of the set of points twice as far from (2,3) as from (1,0).

20. 
Find the area of the convex polygon with vertices {(3, 1), (-2, 2), (0, 3), (1, -4), (-1, -1)}.
21. 
Find the sum of all values of x that satisfy the following equation.  
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22. 
What is the center of the circle which circumscribes the triangle with vertices (6,0), (12,18), and (0,12)?

23. 
X is a point within the interior of rectangle ABCD. If |AX| = 3, |CX| = 5, and |DX| = 4, find |BX|.
24. 
Let Q equal the amplitude of the graph of 
[image: image15.wmf]3sin()7cos()

yxx

=+

. Find Q.
25. 
Triangle RST has a perimeter (in meters) equal to its area (in meters2). ST = 5 meters and 
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 measures 37 degrees. Find the exact length of the radius (in meters) of the inscribed circle.
26. 
Express 
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27. 
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= 12. Find x.
28. 
15y2 + 18y + 16x2 = 81 can be expressed in polar form as 
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. Find A+B.
29. 
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30. 
A regular n-gon has 170 diagonals. What is the measure of its exterior angle in degrees?
31. 
A boy has a bag of marbles containing 25 red marbles, 63 blue marbles, and 44 green marbles. If the boy reaches into the bag and pulls out four marbles, what is the probability that there is at least one of each color pulled out?

32. 
Find the exact value of 
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33. 
ABC4 + ABC6 + ABC8 + ABC10 = ACBC6, where A, B, and C are positive integers. 
Let X = AB + BC + CA for each unique solution. Find the difference between the largest and smallest possible values of X.
34. 
Two circles have a common internal tangent of length 13 and a common external tangent of length 17. Find the product of the radii of the two circles.

35. 
Mario, Luigi, and Bowser are all playing a game of “Texas Hold’em” poker.  The game is played by the following rules:  each player is dealt two cards, which combine with community cards to form a best-possible five card hand.  One standard 52 card deck is used.  Mario is dealt the Queen of Hearts and the Queen of Clubs.  Luigi is dealt the King and Ace of Diamonds.  Bowser is dealt the 8 of Hearts and the 9 of Diamonds.  The community cards consist of 5 cards that both players can use to form their hands.  Three of the community cards have been dealt and they are the Queen of Diamonds, 10 of Diamonds, and Ace of Spades.  Two community cards remain, but are currently unknown.  

The hierarchy of hands in a standard poker game is as follows, in descending order of rarity:
Straight Flush

4 of a kind

Full House

Flush

Straight

3 of a kind

2 pair

1 pair

High card

Find the probability that Luigi wins the hand, expressed as a fraction in lowest terms.

36. 
Jack Nicholson and Spike Lee are going to a basketball game.  They forget to leave early and face heavy traffic if they drive the conventional 12 mile route.  Instead, the two take a different route which is 3 miles longer, but allows them to drive 90 miles per hour.  They make it to the game and drive home on the conventional route at 60 miles per hour. What is their average speed (in mph) for the drive to and from the basketball game?

37. 
The equation of a hyperbola is 
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. Its axes are parallel to the coordinate axes and its center is at the origin. The latus rectum is 18 and the distance between the foci is 12. Find q+z.
38. 
In his work Measurement of a Circle, Archimedes proved that the exact value of π was between A and B, where A and B are improper fractions reduced to lowest terms. If the absolute value of the difference between A and B is expressed as (1/x), find x.
39. 
Three pennies are simultaneously flipped over and over until at least one coin comes up heads. At the point at which one coin comes up heads, what is the probability that all three coins show heads?

40. 
2xxxxab and 2xxxxyz are 7-digit twin primes such that 2xxxxyz > 2xxxxab. If ab and yz are also twin

primes, find the number 2xxxxyz.

CHAIN REACTION
20 points total.  Point values as indicated.
1A.
  xy * yx = xaa3, where x, y, and a are distinct integers.  Find a.  (1 pt)



1B.
A man stands at the southwest corner of a grid composed of congruent squares. He must travel to the northeast corner of the grid by moving only north or east.  He may not backtrack by moving south or west.  The grid is composed of a horizontal squares and (a + 1) vertical squares, yielding (a2 + a) total squares, where a is the correct answer from part A.  Let b equal the number of possible routes from the southwest corner to the northwest corner, given that the man can only move north or east along each square’s side.  Find b.  (2 pts)
1C.
Let z be the sum of the digits of b, where b is the correct answer from part B. Find the exact sum of the following three terms. (3 pts)
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2A.
  Derek Jeter and Alex Rodriguez both stand at (1,0) along the unit circle.  Jeter takes off running clockwise along the circumference of the circle, while ARod simultaneously starts running counterclockwise along the unit circle at the same speed as Jeter.  Each time Jeter and ARod pass each other, ARod doubles his current speed.  Let a be the number of times ARod passes Jeter before Jeter first reaches his original starting position.  Find a.  (1 pt)
2B.
Consider the following equation.
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     where 0 < x < 2
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  and a is the correct answer from part A.
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. Find the exact value of “b” expressed in lowest terms. (2 pts)
2C.
A man must fit a box whose height is equal to (6 – b) through a doorway, where b is the correct answer from part B.  The doorway is in the shape of a semi-ellipse and is drawn below.  

Because of the contents of the box, it cannot be turned onto its side.  The box’s depth is negligible.  The height of the doorway is (a+4) and the width of the doorway is (5a), where a is the correct answer from part A.  What is the exact width of the widest box that can fit through this doorway?  (3 pts)

[image: image36]
3A.
loga 7 * log4 5 * log7 4 * log5 2 * log4 6a2 = 2

Find a.  (1 pt)
3B.   A sandcastle in the shape of a pyramid has a square base with side length (a2 + 34) and height (a4-15), where a is the correct answer from part A.   The wind blows the upper portion of the sandcastle away, leaving a square pyramid frustum with height 10 remaining.  Find the lateral surface area of the remaining sandcastle 

(3 pts). 

3C.   The solution set of | x2 – 79/8 | - | x + 252/25 | < 9/200 can be written as the union of one or more intervals.  Let c equal the sum of the length(s) of these intervals.  Find c. (1 pt) 

3D. 
A triangle is inscribed in a circle. The lengths of the sides of the triangle are (c-1), (c-2), and (c-4), where c is the correct answer from part C. Find the area of the circumscribed circle. (3 pts).

LONG ANSWER
8 points apiece, 40 points total  
Work must be shown to earn credit
1. 
We define crazy numbers to be numbers that can be expressed in the form xyz where x, y, and z are distinct positive integers. How many crazy numbers less than 1000 exist such that x + y + z < 25?

2.
52 
69 
78 
76 
68 
78 
65 
75 
75 
70 
78 
65 
74 

67
64 
57 
74 
65 
58 
66 
77 
74 
61 
60
41
59 
55 
63 
67 
54 
48 
60 
63 
43 
50 
63 
67 

56
56 
43 
56 
53 
46 
63 
54 
47 
55 
66
63 
50 

49
23
40 
49 
47 
39 
31 
44 
49 
28 
35 
32 
41 
30 

45
36 
29 
37 
48 
45 
32 
41
31 
31
45
28
45
36

37
60 
55 
63 
50 
59 
45 
58 
63 
42 
49 
46 
55 

44
59 
50 
43 
51 
62 
59 
46 
55 
45 
59
55
57
56
44

45
49 
64 
71 
52 
63 
53 
52 
64 
67 
53 
51 
59
57
66 
52 
64 
67 
63 
54 
66 
71 
50 
57 
54 
63 

52
67 
58 
51 
59 
70 
67 
54 
53
3. 
Let f(n) be the sum of the first n prime numbers raised to the nth power, mod (n+1).  For example, 
f(4) = (24 + 34 + 54 + 74)mod (4+1) = 3123 mod 5 = 3.  
For how many integral n such that 0 < n < 301 will the least residue of f(n) be prime? 

4. 
A regular tetrahedron has two vertices on the body diagonal of a cube with side length 18.  The other two vertices lie on one of the face diagonals which does not intersect that body diagonal.  If the side length of the tetrahedron is x, find x2.
5.  
A 3x3 matrix is constructed such that 3 of the elements are either 0 or 1, while the other 6 elements are distinct, composite numbers that are relatively prime and each less than 1000.  Find the minimum possible value for the determinant of such a matrix.
TIEBREAKERS
Point values as indicated.
1.  
Find the next number in this pattern:  3, 1, 8, 3, 0, 9, 8, 8, 6…  (.1 pt)
2. 
What is the number of distinct permutations of the word DIRECTRIX?  (.1 pt)
3.
Order the following terms from least to greatest: {513, 711, 228, 912, 325, 117} (.1 pt)

4.
Find the next number in this pattern:  1, 10, 45, 136, 325, 666... (.1 pt)
5.
Find the circumference of a circle inscribed in an equilateral triangle whose side length is 12
[image: image37.wmf]3

.  (.1 pt)
6.
What is the smallest positive angle (in degrees) of rotation that will eliminate the xy term from the conic 7x2 - 6
[image: image38.wmf]3

xy + 13y2 – 16 = 0?  (.1 pt)

7.
We define an optimus prime to be any prime number whose digits sum to a prime number.  For example, 83 is an optimus prime, because it is a prime number and the sum of its digits is 11, which is also a prime number.

We also define a metroid prime to be any optimus prime where the sum of its digits is also an optimus prime.  For example, 83 is not only an optimus prime, but is also a metroid prime as well, because the sum of its digits (11) is also an optimus prime itself (11 is prime, and the sum of its digits is 2 – also a prime.)  
Let O be the number of optimus primes less than 1,000.  Let M be the number of metroid primes less than 1,000.  Find O + M.  (.1 pt)
8.

a = the correct answer to tiebreaker 1

b = the correct answer to tiebreaker 2

c = the correct answer to tiebreaker 4

d
[image: image39.wmf]p

 = the correct answer to tiebreaker 5

e = the correct answer to tiebreaker 6
f = the correct answer to tiebreaker 7

g = the correct answer to short answer question 1

h = the correct answer to short answer question 35

i = the correct answer to long answer question 2

Find a + b + c + d + e + f + g + h + i.  (.3 pt)
Dear Sponsors, Parents, and Students!
We are proud to bring you the inaugural American High School Internet Mathematics Competition for absolutely no cost.  We appreciate your participation, and will strive to make the 2005 Exam an even more enjoyable, groundbreaking experience.

One way we are looking to support the AHSIMC is through online merchandise sales.  We have a nice looking t-shirt for sale, as well as a Frisbee, magnet, and tote bag, on our online merchandise site.

Cafepress.com has graciously agreed to host the 2004 AHSIMC Commemorative Merchandise webpage.  Online purchases through their webpage are extremely secure – they are one of the leading retailers on the internet in customer privacy and security.

If you have enjoyed your 2004 AHSIMC Exam experience, we encourage you to take a look at our 2004 Commemorative Merchandise at:

www.cafepress.com/ahsimc
and perhaps purchase an item, or two, or twenty for your whole class (!) to have a memento from the first Internet-based competitive mathematics event in the United States of America!

Thank you all once again for making this a great first event for all of us.

Sincerely,

Bradley Metrock, AHSIMC President and Founder

Ben Cortopassi, AHSIMC VP and Director of Testing

The countless assistants and math professionals of the AHSIMC Staff 
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